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Abstract
For integers q  1, s  3 and a with gcd(a, q) = 1 and a real U  0, we obtain an asymptotic formula for
the number of integer points (u1, . . . , us) ∈ [1,U ]s on the s-dimensional modular hyperbola u1 · · ·us ≡ a
(mod q) with the additional property gcd(u1, . . . , us) = 1. Such points have a geometric interpretation as
points on the modular hyperbola which are “visible” from the origin. This formula complements earlier
results of the first author for the case s = 2 and a = 1. Moreover, we prove stronger results for smaller U
on “average” over all a. The proofs are based on the Burgess bound for short character sums.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
For a positive integer q , an integer a with gcd(a, q) = 1 and an integer s  2 we consider the
s-dimensional modular hyperbola
Hs,a,q =
{
(u1, . . . , us): u1 · · ·us ≡ a (mod q), 1 u1, . . . , us < q
}
.
More precisely, for a positive real number U < q we consider the set
Hs,a,q(U) =
{
(u1, . . . , us) ∈Hs,a,q : 1 u1, . . . , us U
}
.
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Ns,a,q(U) = #
{
(u1, . . . , us) ∈Hs,a,q(U): gcd(u1, . . . , us) = 1
}
.
The additional condition gcd(u1, . . . , us) = 1 has the geometric interpretation that the points
(u1, . . . , us) are “visible” from the origin.
The case s = 2 has already been studied in [4] where the asymptotic formula
N2,a,q (U) = ζ(2)−1 U
2ϕ(q)
q2
∏
p prime
p|q
(
1 − 1
p2
)−1(
1 + o(1)),
is given whenever
U  q3/4+ε,
for any fixed ε > 0 and sufficiently large q , where ϕ(q) denotes the Euler totient function, ζ(s)
is the Riemann zeta-function, and where the product is taken over all prime divisors p of q .
In this paper we obtain a bound for Ns,a,q(U) for s  3 which gives the asymptotic value
Ns,a,q(U) = ζ(s)−1ϕ(q)−1
(
Uϕ(q)
q
)s ∏
p prime
p|q
(
1 − 1
ps
)−1(
1 + o(1)), (1)
whenever
U  q2/3+ε, for s = 3,
and
U  q1/3+1/(s+2)+ε, for s  4,
for any ε > 0 and sufficiently large q (taking r = 3 in Theorem 4 below). If q is cubefree and
s is sufficiently large, the asymptotic formula (1) holds starting with smaller of U . In particular,
for any ε > 0 there is s0(ε) such that
U  q1/4+ε
holds whenever s  s0(ε). Moreover one can take
s0(ε) = ε−2 + o
(
ε−2
)
when ε → 0 (one gets this by taking r = s1/2/2 in Theorem 4).
We use two different approaches depending whether s = 3 or s  4. More precisely, for s = 3
we derive our result directly from some result of [5] on the distribution ofH2,a,q (U) “on average”
over a (which is based on bounds of exponential sums), while for s  4 we use various bounds
of multiplicative character sums.
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due to a more favourable shape of the error terms.
Moreover, we prove that on average over all 1  a < q with gcd(a, q) = 1, the asymptotic
formula (1) is true whenever
U  q1/3+1/(2s+2)+ε, s  2.
Again, if q is cubefree we can lower this threshold. For any ε > 0 there is s0(ε) such that
U  q1/4+ε
holds whenever s  s˜0(ε). Moreover one can take
s˜0(ε) = 0.5ε−2 + o
(
ε−2
)
when ε → 0, (one gets this by taking r = (s/2)1/2 in Theorem 6. Thus
s˜0(ε) =
(
0.5 + o(1))s0(ε)
as ε → 0.
Throughout the paper, the implied constants in the symbols ‘O’ and ‘’ may depend on
integer parameters s and r . We recall that the notations A = O(B) and A  B are both equivalent
to the assertion that the inequality |A| cB holds for some constant c > 0.
2. Preliminary results on character sums
Let Xq be the set of all #Xq = ϕ(q) multiplicative characters χ modulo q and let X ∗q be
the set of all nontrivial multiplicative characters χ 	= χ0. We refer to [2,3] for definitions and
basic properties of multiplicative characters such as χ(v) = 0 for any χ ∈ Xq if gcd(v, q) > 1.
In particular, we recall that for v ∈ Z,
1
ϕ(q)
∑
χ∈Xq
χ(v) =
{1 if v ≡ 1 (mod q),
0 otherwise,
(2)
see [2, Section 3.2] or [3, Theorem 5.4].
The following result is a combination of the Polya–Vinogradov (for r = 1) and Burgess (for
r  2) bounds, see [2, Theorems 12.5 and 12.6].
Lemma 1. For any real V  1 the bound
max
χ∈Xq
χ 	=χ0
∣∣∣∣ ∑
1vV
χ(v)
∣∣∣∣ V 1−1/rq(r+1)/4r2+o(1)
holds with r = 1,2,3 for any q and with arbitrary positive integer r if q is cubefree.
We also need to approximate the value of character sums with the principal character χ0.
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∑
1vV
χ0(v) =
∑
1vV
gcd(v,q)=1
1 = ϕ(q)V
q
+ O(qo(1)).
Proof. Let μ(d) denote the Möbius function, that is, μ(1) = 1, μ(d) = 0 if d  2 is not square-
free and μ(d) = (−1)ω(d) otherwise, where ω(d) is the number of distinct prime divisors of d .
Using the Möbius function μ(d) over the divisors of q to detect the co-primality condition and
interchanging the order of summation, we obtain
∑
1vV
gcd(v,q)=1
1 =
∑
d|q
μ(d)
(
V
d
+ O(1)
)
= V
∑
d|q
μ(d)
d
+ O
(∑
d|q
∣∣μ(d)∣∣)
from which we get
∑
1vV
χ0(v) = ϕ(q)V
q
+ O(2ω(q)).
Noticing that ω(q)! q and using the Stirling formula, we obtain
ω(q)  logq
log log(q + 2)
and the result follows. 
We also recall an estimate of the 4th moment of character sums which is given by Friedlander
and Iwaniec [1].
Lemma 3. For any real V  1, we have
∑
χ∈Xq
χ 	=χ0
∣∣∣∣ ∑
1uV
χ(v)
∣∣∣∣4  q1+o(1)V 2.
3. Worst case bounds
We start with the case of s  4.
Theorem 4. For any positive integers q  1, s  4 and a with gcd(a, q) = 1, and any real U
with 1U < q , we have, for any integer r  1 if q is cubefree and for r = 1,2,3 otherwise,
Ns,a,q(U) = ζ(s)−1ϕ(q)−1
(
Uϕ(q)
q
)s ∏
p prime
p|q
(
1 − 1
ps
)−1
+ O(Us−2−(s−4)/rq(s−4)(r+1)/(4r2)+o(1) + Us−1q−1+o(1)).
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Ms,a,q(d;U) = #
{
(u1, . . . , us) ∈Hs,a,q(U): d | gcd(u1, . . . , us)
}
.
By the inclusion–exclusion principle, we write
Ns,a,q(U) =
∞∑
d=1
μ(d)Ms,a,q(d;U), (3)
where, as before, μ(d) denotes the Möbius function.
Clearly
Ms,a,q(d;U) = 0 if d > q or gcd(d, q) > 1.
For d  1 with gcd(d, q) = 1, writing
ui = dvi, i = 1, . . . , s,
we have
Ms,a,q(d;U) = #
{
(v1, . . . , vs): v1 · · ·vs ≡ d−sa (mod q), 1 v1, . . . , vs U/d
}
.
From the orthogonality relation (2), we get
Ms,a,q(d;U) = 1
ϕ(q)
∑
χ∈Xq
∑
1v1,...,vsU/d
χ
(
v1 . . . vsd
sa−1
)
.
By Lemma 2, we see that the term corresponding to the trivial character χ = χ0 is
∑
1v1,...,vsU/d
χ0
(
v1 . . . vsd
sa−1
)= (ϕ(q)U
dq
+ O(qo(1)))s
=
(
ϕ(q)U
dq
)s
+ O
((
U
d
)s−1
qo(1)
)
and thus using q/ϕ(q) = O(log logq), see [6, Section I.5],
Ms,a,q(d;U) − 1
ϕ(q)
(
ϕ(q)U
dq
)s
 1
ϕ(q)
∑
χ 	=χ0
∣∣∣∣ ∑
1vU/d
χ(v)
∣∣∣∣s +
(
U
d
)s−1
q−1+o(1)
 max
χ 	=χ0
∣∣∣∣ ∑ χ(v)
∣∣∣∣s−4 1ϕ(q)
∑∣∣∣∣ ∑ χ(v)
∣∣∣∣4 +
(
U
d
)s−1
q−1+o(1),1vU/d χ 	=χ0 1vU/d
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ulo q . Lemmas 1 and 3 imply
Ms,a,q(d;U) − 1
ϕ(q)
(
ϕ(q)U
dq
)s

(
U
d
)s−2−(s−4)/r
q(s−4)(r+1)/(4r2)+o(1) +
(
U
d
)s−1
q−1+o(1).
We substitute this bound in (3), getting
Ns,a,q(U) = ϕ(q)−1
(
Uϕ(q)
q
)s ∑
d1
gcd(d,q)=1
μ(d)
ds
+ O
( ∑
d1
gcd(d,q)=1
(
Us−2−(s−4)/rq(s−4)(r+1)/(4r2)+o(1)
ds−2−(s−4)/r
+ U
s−1q−1+o(1)
ds−1
))
= ϕ(q)−1
(
Uϕ(q)
q
)s ∑
d1
gcd(d,q)=1
μ(d)
ds
+ O(Us−2−(s−4)/rq(s−4)(r+1)/(4r2)+o(1) + Us−1q−1+o(1)).
Furthermore we have
∑
d1
gcd(d,q)=1
μ(d)
ds
=
∏
p prime
pq
(
1 − 1
ps
)
= ζ(s)−1
∏
p prime
p|q
(
1 − 1
ps
)−1
and the result follows. 
The proof of Theorem 4 is based on Lemma 3 which cannot be applied for s = 3. One can
instead use the bound on the sum of squares of character sums but here we use the bound
q−1∑
b=1
gcd(b,q)=1
∣∣∣∣#H2,b,q (V ) − V 2ϕ(q)q2
∣∣∣∣2 = O(V 2qo(1)), (4)
from [5], to obtain a stronger result.
Theorem 5. For any positive integers q  1 and a with gcd(a, q) = 1, and any real U with
1U < q , we have
N3,a,q(U) = ζ(s)−1ϕ(q)−1
(
Uϕ(q)
q
)3 ∏
p prime
p|q
(
1 − 1
p3
)−1
+ O(U3/2qo(1)),
where the implied constant is absolute.
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M3,a,q(d;U) =
∑
1v3U/d
gcd(v3,q)=1
#H2,av−13 d−3,q (U/d),
which we write as
M3,a,q (d;U) =
∑
1v3U/d
gcd(v3,q)=1
U2ϕ(q)
q2
+
∑
1v3U/d
gcd(v3,q)=1
(
#H2,av−13 d−3,q (U/d) −
U2ϕ(q)
d2q2
)
.
For the first term, by Lemma 2 we have
∑
1v3U/d
gcd(v3,q)=1
U2ϕ(q)
d2q2
= U
3ϕ(q)2
d3q3
+ O(U2d−2q−1+o(1)). (5)
For the second term, assuming that d U , by the Cauchy inequality, we have
( ∑
1v3U/d
gcd(v3,q)=1
(
#H2,av−13 d−3,q(U/d) −
U2ϕ(q)
d2q2
))2

( ∑
1v3U/d
gcd(v3,q)=1
∣∣∣∣#H2,av−13 d−3,q (U/d) − U
2ϕ(q)
d2q2
∣∣∣∣
)2
 U
d
∑
1v3U/d
gcd(v3,q)=1
∣∣∣∣#H2,av−13 d−3,q (U/d) − U
2ϕ(q)
d2q2
∣∣∣∣2
Ud−1
q−1∑
b=1
gcd(b,q)=1
∣∣∣∣#H2,b,q (U/d) − U2ϕ(q)d2q2
∣∣∣∣2.
Using (4) we derive
∑
1v3U/d
gcd(v3,q)=1
(
#H2,av−13 d−3,q (U/d) −
U2ϕ(q)
d2q2
)
= O(U3/2d−3/2qo(1)). (6)
Collecting (5) and (6) together, we deduce that for d U we have
M3,a,q(d;U) = U
3ϕ(q)2
d3q3
+ O(U2d−2q−1+o(1) + U3/2d−3/2qo(1)).
Clearly M3,a,q (d;U) = 0 for d > U . Proceeding as in the proof of Theorem 4 we derive
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(
Uϕ(q)
q
)3 ∏
p prime
p|q
(
1 − 1
p3
)−1
+ O(U2q−1+o(1) + U3/2qo(1)).
It remains to notice that the first term never dominates. 
4. Average case bounds
Theorem 6. For any positive integer q , any integer s  2 and any real U with 1  U < q , we
have for any integer r  1 if q is cubefree and for r = 1,2,3 otherwise,
q−1∑
a=1
gcd(a,q)=1
∣∣∣∣Ns,a,q(U) − ζ(s)−1 Usϕ(q)s−1qs
∏
p prime
p|q
(
1 − 1
ps
)∣∣∣∣2
 U2s−2−(2s−4)/rq(2s−4)(r+1)/(4r2)+o(1) + U2s−2q−1+o(1).
Proof. We proceed as in the proof of Theorem 4 and get
q−1∑
a=1
gcd(a,q)=1
∣∣∣∣Ms,a,q(d;U) − Usϕ(q)s−1dsqs
∣∣∣∣2
 1
ϕ(q)2
q−1∑
a=1
gcd(a,q)=1
∣∣∣∣ ∑
χ∈X ∗q
( ∑
1vU/d
χ(v)
)s
χ
(
dsa−1
)∣∣∣∣2 +
(
U
d
)2s−2
q−1+o(1)
= 1
ϕ(q)2
∑
χ1,χ2∈X ∗q
( ∑
1vU/d
χ1(v)
)s( ∑
1vU/d
χ−12 (v)
)s
×
q−1∑
a=1
gcd(a,q)=1
χ1(a)χ2(a) +
(
U
d
)2s−2
q−1+o(1).
Clearly the last sum over a vanishes unless χ1 = χ2. Therefore,
q−1∑
a=1
gcd(a,q)=1
∣∣∣∣Ms,a,q(d;U) − Usϕ(q)s−1dsqs
∣∣∣∣2
 1
ϕ(q)
∑
χ∈X ∗q
∣∣∣∣ ∑
1vU/d
χ(v)
∣∣∣∣2s +
(
U
d
)2s−2
q−1+o(1)
 (U/d)2s−2−(2s−4)/rq(2s−4)(r+1)/(4r2)+o(1) + (U/d)2s−2q−1+o(1),
from which the result follows. 
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